Nematic superconductivity with spontaneously broken rotation symmetry has recently been reported in doped topological insulators, M x Bi 2 Se 3 (M=Cu, Sr, Nb). Here we show that the electromagnetic (EM) response of these compounds provides a spectroscopy for bosonic excitations that reflect the pairing channel and the broken symmetries of the ground state. Using quasiclassical Keldysh theory, we find two characteristic bosonic modes in nematic superconductors: nematicity and chirality modes. The former corresponds to the vibrations of the nematic order parameter associated with broken crystal symmetry, while the latter represents the excitation of chiral Cooper pairs. The chirality mode softens at a critical doping, signaling a dynamical instability of the nematic state towards a new chiral ground state with broken time reversal and mirror symmetry. Evolution of the bosonic spectrum is directly captured by EM power absorption spectra. We also discuss contributions to the bosonic spectrum from sub-dominant pairing channels to the EM response.
There are several open or unresolved questions about the superconducting state of these materials. The pronounced signatures of two-fold rotation symmetry may indicate that regardless of three equivalent axes in the basal plane, these compounds contain an intrinsic mechanism that pins the nematic order parameter along a single axis. In addition, there exist competing pairing channels corresponding to the A 1g , A 1u , and A 2u irreducible representations, in addition to the "nematic" E u state [14] . It follows that the electrons embedded in these materials possess several peculiarities: (i) the orbital degrees of freedom, (ii) strong spin-orbit coupling, and (iii) the Fermi surface evolution due to the increase of carrier concentration (see Fig. 1 ) [22, 23] . The Fermi surface evolution may drive multiple phase transitions between competing superconducting orders.
In this Letter, we report theoretical results showing that the electromagnetic (EM) response at microwave frequencies provides a spectroscopy for long-lived bosonic excitations that are "fingerprints" of the nematic ground state that breaks the maximal symmetry G = D 3d × T × U(1) N of the parent compound down to H = C 2v × T. We first discuss the Fermi-surface evolution that drives the phase transition from the nematic to chiral ground state within the E u representation. Using the quasiclassical Keldysh theory, we find two characteristic bosonic modes in nematic SCs: nematicity and chirality modes. The former corresponding to transverse oscillations of the nematic order parameter is the pseudo-Nambu-Goldstone (NG) boson associated with the broken D 3d symmetry. The latter represents a chiral bosonic excitation, i.e. a Cooper pair excitation with orbital angular momentum. We find that the mass gap of the chiral mode tends to zero as the Fermi surface changes topology from a closed spherical shape to an open cylindrical Fermi surface, signaling the dynamical instability of the nematic state towards the chiral state with broken time-reversal and mirror symmetries. Bosonic modes of unconventional superconductors involve the coherent dynamics of macroscopic fractions of electrons, and reflect the broken symmetries of the ground state as well as the sub-dominant pairing interactions [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . The bosonic excitation spectrum can be detected through transverse EM wave absorption (see Fig. 1 ). In addition to bosonic excitations belonging to the E u representation, we also consider bosonic modes corresponding to the sub-dominant odd-parity A 1u and A 2u representations, which we show contribute significantly to the EM response.
Effective Hamiltonian. The low-energy physics of M x Bi 2 Se 3 is governed by electrons in two (p z ) orbitals near the Fermi level. The effective Hamiltonian is given as [39] [40] [41] [42] (1) where c(p) = c 0 + c 1 f ⊥ (p) + c 2 p 2 , m(p) = m 0 + m 1 f ⊥ (p) + m 2 p 2 , and µ are the diagonal self-energy correction, band gap, and the chemical potential, respectively (p 2 ≡ p 2 x + p 2 y ). Nearest-neighbor hopping along the z direction gives f z (p z ) = 1 c sin(p z c) and f ⊥ = 2 c 2 [1 − cos(p z c)]. We have introduced the spin and orbital Pauli matrices, s and σ, respectively, and we take theẑ axis along the (111) direction of the crystal. The Hamiltonian in Eq. (1) maintains the enlarged D ∞ symmetry including SO(2) about the z-axis, while a higher order correction on p introduces three mirror planes and threefold rotational symmetry in the xy plane [12] .
The intercalation of M atoms increases the carrier concentration in the conduction band (CB). As µ ≫ ∆ in typical materials (where ∆ is the superconducting gap), low-energy properties of the superconducting states are governed by the CB electrons with the disperion E CB (p) = c − µ + m 2 + v 2 z f 2 z + v 2 p 2 , which is well separated from the valence band by the band gap, |m 0 | ∼ µ, at the Γ point. Hence, we focus on the Hamiltonian for CB electrons interacting through the odd-parity pairing interaction within the symmetry group
where Γ = A 1u , A 2u , and E u are the odd-parity irreducible representations of D 3d with the dimension n Γ and basis functions {d Γ 1 , · · · , d Γ n Γ }. The repeated Greek indices imply the sum over the vector components of the spin S = 1 basis, x, y, z, constructed to provide bases of the irreducible representation Γ.
, the ground-state odd-parity order parameter in the CB is given by
The basis functions in the lowest order on p are
The more detailed expressions are given in Ref. [41] .
Nematic-to-chiral phase transition. Using the Ginzburg-Landau (GL) theory, we first show that for pairing governed by the E u representation, a nematic-to-chiral phase transition occurs at a critical chemical potential. For the order parameters in Eq. (3), the GL free energy up to fourth order is given by
The thermodynamic stability of superconducting states below T c requires α ∝ T − T c and β 1 > 0. The fourth-order coefficient defined as β 2 = − (d 1 · d 2 ) 2 FS + (d 1 × d 2 ) 2 FS , determines the order parameter configuration η = (η 1 , η 2 ), where ... FS ≡ dS p ... is an average over the Fermi surface that satisfies dS p = 1.
For β 2 > 0, the nematic state with (η 1 , η 2 ) = ∆(cos ϑ , sin ϑ ) is stable as the highly degenerate minima of F with respect to ϑ ∈ [0, π/2]. The gap structure has two point nodes in the xy plane ( Fig. 1 ). The spontaneous breaking of the crystalline symmetry in this state is characterized by nematic order, Q ≡ (|η 1 | 2 − |η 2 | 2 , η 1 η * 2 + η * 1 η 2 ) [12, 43] . The continuous degeneracy with respect to ϑ is accidental, and is lifted by the sixth-order term representing the hexagonal warping of the Fermi surface, 3 ] with η ± ≡ η 1 ± iη 2 , which pins the nematic angle ϑ to one of three equivalent crystal axes.
The β 2 < 0 region is covered by the chiral state, (η 1 , η 2 ) = ∆(1, ±i), which breaks time reversal symmetry. As a result of spin-orbit coupling, the chiral state, d 1 ± id 2 , is also a nonunitary state, with two distinct gaps: fully gapped and a gap with point nodes at p = ±p F,zẑ .
In M x Bi 2 Se 3 , the intercalation of M atoms between the quintuple layers modifies the c-axis length of the crystal, namely, the hopping parameters along the z-axis (c 1 , m 1 , v z ). This makes the Fermi pocket around the Γ point elongate in theẑ direction. The Fermi surface indeed evolves from a closed spherical shape to a quasi-two-dimensional open cylinder as µ increases [22, 23] . The peculiarity of M x Bi 2 Se 3 is that the d-vector in the band representation contains information on the normal-state electron dispersion. Therefore, the gap structure of the nematic state changes from a point-nodal to a line-nodal structure as the Fermi surface evolves [44] . In contrast, the point nodes of the chiral state disappear when the Fermi surface is opened in the zdirection. To incorporate the Fermi surface evolution, we follow Ref. [44] : the set of parameters in Ref. [41] for µ = 0.4eV and the half-value of (c 1 , m 1 , v z ) for µ = 0.65eV. The parameters for arbitrary µ are given by interpolating (c 1 , m 1 , v z ) linearly with respect to µ. With this parametrization, the Fermi surface is opened along the z-axis for µ 0.5eV. Using this set of parameters, we calculate the β 2 as a function of µ. We find that there exists the critical value µ c = 0.7eV at which β 2 = 0 corresponding to a nematic-to-chiral phase transition. The nematic (chiral) state is stable for µ < µ c (µ > µ c ). Thus, the chiral state can be stabilized by Fermi surface evolution, as well as the exchange coupling to magnetic moments of dopant atoms [45] .
Nematicity and chirality modes. Let us turn to bosonic excitations in nematic SCs. Without loss of generality, we consider the nematic state, d(p F ) = ∆d E u 1 (p F ), corresponding to the nematic angle ϑ = 0. The fluctuations in the E u ground
where Q is the center-of-mass momentum of Cooper pairs. In the weak-coupling limit, all the bosonic excitations are classified in terms of the parity under particle-hole conversion (C = ±), D C j = D j + CD * j . The A 1u and A 2u modes may also exist as long-lived bosons in the spectrum of the nematic state, when their pairing interactions, V (A 1u ) and V (A 2u ) , are attractive and comparable to V (E u ) . Within Γ = E u , there exist four collective modes. Two of these modes are fluctuations in the ground state sector, D C E u ,1 , the other two modes are in the orthogonal sector D C E u ,2 . Consider phase fluctuations of the ground-state sector,
Then, the mode with D − E u ,1 = i∆δ θ corresponds to the NG mode associated with the broken U(1) N symmetry, which is gapped out by the Anderson-Higgs mechanism [46, 47] . The amplitude fluctuation is repre-
, and corresponds the Higgs mode with mass 2∆.
The fluctuation modes orthogonal to the ground-state sector are represented by
, sin(δ ϑ (t))] for δ θ ≪ 1. This is the pseudo-NG mode associated with the broken crystal symmetry, and represents fluctuations of the nematic order parameter Q. The D − E u ,2 mode gives rise to chiral fluctuations of the Cooper pairs,
. We refer to D + E u ,2 and D − E u ,2 as the nematicity mode and chirality mode, respectively.
The dynamical properties of the superconducting state of M x Bi 2 Se 3 are governed by Bogoliubov QPs in the CB and longlived bosonic excitations of the pair condensate. The bosonic excitations involve a coherent motion of macroscopic fractions of particles, while low-lying QPs are responsible for the dissipation and the pair-breaking channels. To incorporate the interplay between them, we utilize the quasiclassical Keldysh transport theory. The fundamental quantity is the quasiclassical Keldysh propagator for CB electrons,ĝ ≡ĝ(p F , Q; ε, ω), and the mean-
where f andf are the spin-triplet components of anomalous propagators. The propagators are governed by the quasiclassical equation [48, 49] ,
where v F ≡ ∂ E CB /∂ p F is the Fermi velocity in the CB,τ µ are the Pauli matrices in the particle-hole space andv denotes the coupling to an external field. Equation (7) is supplemented by the normalization conditionĝ •ĝ = −π 2 [50] .
Let us now consider the linear response of order parameters to EM fields,v = − e c v F · A(Q, ω)τ 3 , where A is a vector potential. The propagator and self-energy are expanded with respect to the thermal equilibrium asĝ(p F , Q; ε, ω)
The response of the order parameter to A µ is obtained from the gap equation, 
where we introduce the abbreviation, Q ≡ (Q, ω). The coupling of the driving force to the bosonic excitations is also governed by ζ We notice that within the quasiclassical approximation, only C = − modes are directly coupled to EM fields. The equations of motion for D + Γ, j are given in Secs. S1 and S2 of the supplementary materials [52] . We introduce the inverse of the coupling constant γ = ∞ |d| dε/ ε 2 − |d| 2 and the Tsuneto func-
. This function is real and positive below the pair-breaking edge ω < |d(p F )|, while it has an imaginary part for ω > |d(p F )| which contributes to the pair-breaking channel of bosonic modes into Bogoliubov QPs [54] .
The bosonic spectrum, ω C Γ, j (Q), is determined from Eq. (8) as a pole of δ D − Γ, j /δ A µ . In Fig. 2 , we plot the mass and damping of bosonic modes, M C Γ, j ≡ ω C Γ, j (0), including the chirality and nematicity modes. The parameters are set to be the same as those in the nematic-to-chiral phase transition. The nematicity mode remains gapless irrespective of µ. The gapless spectrum of the nematicity mode is protected by the enlarged D ∞ symmetry of Eq. (1), and it is gapped out by terms that are higher-order p, such as the hexagonal warping term [12] .
In Fig. 2 , the mass of the chirality mode decreases as µ increases and softens at the critical value µ = 0.72. The softening indicates the dynamical instability of the nematic state towards the chiral state. The critical chemical potential of the spectral instability is consistent to the nematic-to-chiral phase transition µ c in the GL theory. It is also shown in Fig. 2(b) that the damping of the chirality mode is significant in the low-doping region, while the chirality mode has a long lifetime for large µ. It follows that the low-lying QP density of state around the point nodes decreases as ω 2 which suppresses the pair-breaking channels for the decay of the chirality mode into QPs residing around the nodal points. In addition, the fluctuations of the competing pairing channels (A 1u and A 2u ) develop as µ increases. We show below that long-lived massive bosons supported by subdominant pairing interactions are responsible for a pronounced absorption peak in the transverse EM response.
Selection rules and EM absorption spectra. Here we demonstrate that the signatures of bosonic spectral evolution inherent to nematic SCs can be directly captured through the microwave power absorption spectrum, P(ω) = dQRe[j(Q, ω) · E * (Q, ω)], that is, the Joule losses of the 
electric field (E) and current (j) within the penetration depth Λ = mc 2 /4πne 2 [24, [26] [27] [28] [29] . The charge current density is is obtained from the solution of Eq. (7) [52] as j
The first term describes the contributions of Bogoliubov-QPs that contribute to the dissipation of the current propagation via pair-breaking processes. Equation (10) is the paramagnetic response function generalized to include the vertex corrections from polarization of the medium by bosonic fields [24] . The second term is the response of bosonic modes to EM waves, which is given with Eq. (5) as
The response of the bosonic field to EM waves, δ D − Γ, j /δ A ν , is obtained from Eq. (8), which has a pole at the collective mode frequency ω = ω − Γ, j (0) ≈ M − Γ, j . For Qv F ≪ ∆ and v F /Λ ≪ ∆, the power absorption spectrum is decomposed into the quasiparticle contribution and the resonance part to the collective excitations, P(ω) = P QP (ω) + P CM (ω) [52].
Equation (9) determines the coupling of bosonic modes of the nematic state with d = ∆d
to the charge current. The ζ function is subject to the symmetries of the equilibrium order parameter (d E u 1 ) and dynamical bosonic field (d Γ j ). In Table I, we summarize the coupling of D C Γ, j to EM fields with the propagation vectors Q ẑ and Q ⊥ẑ for various odd-parity superconducting ground-states (A 1u , A 2u , and E u ). The selection rules for the ground-state, A 1u and A 2u , are obtained by replacing d E u 1 to d A 1u and d A 2u in Eq. (9), respectively. It turns out that contributions from the A 1u state are accidentally prohibited by the enlarged symmetry D ∞ around the small pocket of the Fermi surface. The breaking of this enlarged symmetry group by the symmmetry of the crystal point group will lift this superselection rule. We note that the coupling of the nematicity mode to the charge current is prohibited by the particle-hole symmetry. Thus, the particle-hole asymmetry, which is a higher order correction ∼ (T c /T F ) 2 , lifts the selection rule for EM waves to couple to the nematicity mode. For the E u,1 (E u,2 ) ground state, the chirality mode, D − E u ,2 (D − E u ,1 ), couples directly to transverse EM fields for Q ⊥ẑ, but does not couple to the transverse EM field for Q ẑ. Figure 3 shows the power absorption, P(ω), and the bosonic excitation contribution, P CM , for the E u,1 nematic ground-state, where Q x and T = 0. According to the selection rules in Table I , the EM field with A ⊥ẑ (A ẑ) couples to the chiral A 2u mode,
. For µ = 0.4eV, a broad peak in the spectrum appears around ω = 2∆ g . This broad peak arises primarily from the continuum of Bogoliubov QPs, and to a lesser extent the contribution of bosonic excitations, which is consistent to the large damping rates of the chirality and A 2u modes shown in Fig. 2 . As µ further increases the broad peak sharpens and shifts to lower frequencies. As shown in Fig. 3 , the pronounced peak for A ⊥ẑ and A ẑ originates from resonant absorption of the EM field by the chirality mode and the A 2u mode, respectively. The spectral shift to the lower frequency region reflects the mass shift of these modes. Hence, the precursor signature of the dynamical instability to the chiral state can be captured as a pronounced low-frequency peak in the EM power absorption.
Summary. We have discovered theoretically two characteristic bosonic excitations in nematic SCs: nematicity and chirality modes. The mass shift of the chirality mode due to the Fermi surface evolution gives rise to a dynamical instability of the nematic state, which triggers a nematic-to-chiral phase transition. We have demonstrated that transverse EM response provides spectroscopy of the bosonic modes, which is a fingerprint of the nematic ground state, as well as competing pairing interactions in nematic SCs.
Finally, we note that although the nematicity mode is not responsible for EM power absorption in the limit of T c ≪ T F , however the nematicity mode, may make a significant contribution to dynamical magnetic response. The mass of the nematicity mode is sensitive to perturbations of the enlarged symmetry group D ∞ . Dynamical susceptibility measurements may provide another spectroscopy of nematic order, as well as an intrinsic mechanism of pinning the ground-state d-vector. Observation of the nematicity mode through magnetic resonance is a future problem.
Supplementary Materials for "Chiral Higgs Mode in Nematic Superconductors"
Hiroki Uematsu, 1 Takeshi Mizushima, 1 Atsushi Tsuruta, 1 Satoshi Fujimoto, 1 Here we derive the solutions of the transport equations for the quasiclassical propagator,ǧ. The propagator is obtained from the Green's function in Keldysh space,
whereĜ R ,Ĝ A , andĜ K are the retarded, advanced, and Keldysh Green's functions in Nambu space, respectively. A key feature of the quasiclassical approximation is thatǦ is sharply peaked at the Fermi surface embedded in the conduction band, and depends weakly on energies far away from it. We use this assumption to split the propagator into low and high energy parts, G =Ǧ low +Ǧ high , whereǦ low (p, Q) =Ǧ(p, Q) for |ε| < E c and otherwiseǦ low (p, Q) = 0 (p and Q are the relative and center-of-mass momentum, respectively) [55] . The cutoff energy is taken to be E c ≪ E F . The high-energy part of this propagator renormalizes bare interactions to effective interactions parametrized by phenomenological parameters, such as effective coupling constant and Landau Fermi liquid parameters. The low-energy propagator defines the quasiclassical Keldysh propagators,ĝ x (x = R, A, K) as an integral over a low-energy, longwavelength shell, |v F · (p − p F )|, in momentum space near the Fermi surface,
where ξ p = v F · (p − p F ) is the quasiparticle excitation energy, a is the spectral weight of the low-energy quasiparticle resonance and σ T is the transpose of the spin Pauli matrix σ. We also introduce the abbreviation Q ≡ (Q, ω). The quasiclassical propagatoris governed by Eilenberger's transport equation [50] ,
where η = v F · Q.ȟ, is the quasiclassical self-energy matrix in Keldysh space, whereĥ K = 0 andĥ R =ĥ A ≡ĥ is given aŝ
The first term contains the coupling to an electromagnetic field, and the second term represents the off-diagonal pairing self energy, or order parameter. The transport equation and self energies are supplemented by Eilenberger's normalization conditioň g •ǧ = −π 2 (for the notation, see the main text).
Instead of directly solving the Keldysh transport equation (S3), we derive the Keldysh propagator from the Matsubara propagator by analytic continuation to the real energy axes , e.g. iε n → ε + i0 + followed by iω m → ω + i0 + [49] . Thus,
To calculate the Keldysh propagator,ĝ K , we generalize the Matsubara transport equation for the two-time/frequency nonequilibrium Matsubara propagator [49] ,
is a convolution in Matsubara energies. For the two-frequency propagator,the normalization condition is also a convolution product in Matsubara frequencies,
We now express the full propagator as the sum of the equilibrium propagator and a non-equilibrium correction, g M (p, Q; ε n 1 , ε n 2 ) =ĝ M 0 (p, ε n 1 ) 1 T δ ε n 1 ,ε n 2 + δĝ M (p, Q; ε n 1 , ε n 2 ).
(S8)
The normalization condition in the lowest order is [ĝ M 0 (p, ε n )] 2 = −π 2 . The equilibrium propagator for unitary states, d × d * = 0, iŝ
where∆
is the equilibrium superconducting order parameter matrix in the Nambu space.
To linear order in δĝ M the normalization condition for the non-equilibrium correction to the propagator becomeŝ
where we use ε n (ω m ) for the Matsubara frequency for fermions (bosons). Thus, we set ε n 1 = ε n + ω m , ε n 2 = ε n , and δĝ M (p, q; ε n 1 , ε n 2 ) ≡ δĝ M (p, q; ε n , ω m ). Substituting Eq. (S8) into Eq. (S3), the linearized transport equation for the nonequilibrium Matsubara propagator is given by
where δĥ ≡ĥ −∆. For unitary states, we solve this equation using the normalization condition (S11) and the solutions for g 0 in Eq. (S9). The linear response of the Matsubara propagator is then given by
where D(p, ε n ) = ε 2 n + |d(p)| 2 and D + (ε n , ω m ) ≡ D(ε n + ω m ) + D(ε n ).
For time-reversal invariant ground states with d µ ∈ R, the diagonal component of the quasiclassical Keldysh propagator becomes
where d ± µ ≡ d µ ± d * µ and δ g ± 0 ≡ δ g 0 ± δḡ 0 . Similarly, the anomalous Keldysh propagators, δ f ± µ = δ f µ ± δf µ , are given by
and
Here we introduce the bosonic response functions
Analytic continuation to real frequencies of γ(ω m ) in the manner of Eq. (S5) leads to
where the frequency dependence can be ignored for ω m ≪ E c . The resulting function determines the equilibrium gap equation 1/V Γ = γ(p)/2. The analytic continuation of λ (ω m ) yields the generalized Tsuneto function,
where ε ± ≡ ε ± ω/2. In the zero-temperature, long-wavelength limit, the Tsuneto function reduces to
for |x| < 1 and
for |x| > 1 where we set x ≡ ω/2|d(p)|.
S2. Order parameter fluctuations
We now consider the response to an electromagnetic field,
is the vector potential. The current response contains contributions from the bosonic collective modes driven by the electromagnetic field, in addition to Bogoliubov quasiparticle contributions to the current. For time-reversal invariant superconductors with d µ ∈ R, the order parameter fluctuations, δ d µ ≡ δ d µ (p, q, ω), are obtained from the non-equilibrium gap equations
and Eqs. (S15) and (S16) as
The last term in Eq. (S24) represents an external source field that drives the order parameter fluctuations. The equation of motion for C = − normal modes is obtained from (S24) as
The poles of M(Q) determines the eigenfrequencies of (Γ ′ , j) bosonic modes in the (Γ, i) ground state. We note that for (Γ ′ , j) = (Γ, i), M(Q) has a pole at Q = 0, i.e., Q = 0 and ω = 0, corresponding to the NG mode associated with U(1) N symmetry breaking. Within the quasiclassical approximation (T c ≪ T F ), the electromagnetic wave can couple only to the C = − modes, including the chirality mode in the nematic state.
S3. Current response and power absorption
For the electromagnetic response of unconventional (spintriplet) superconductors we focus on the collisionless regime, where impurity vertex corrections may be neglected. The current response is obtained from the quasiclassical transport theory as
The first term in Eq. (S27) is the contribution of quasiparticle (single-particle) excitations to the current
The contribution to the current response from the bosonic collective excitations reduces to
where d ′ ≡ Re[d(p)] and d ′′ ≡ Im[d(p)] are the real and imaginary part of equilibrium order parameters, respectively. For time-reversal invariant superconducting states, i.e., d ′′ = 0, the current response is decomposed into contributions from chiral E u , A 1u , and A 2u modes
where K (Γ ′ , j) µν (Q) represents contributions from D − Γ ′ , j modes in the d Γ i ground state to the response function,
We now introduce the symmetric tensor
which determines the coupling of transverse EM waves with Q and A to the bosonic modes, D − Γ ′ , in the d Γ i ground state. By using this tensor, the equation of motion for D − Γ,i is given as Then, the power absorption in Eq. (S40) is
ImK(Q, ω) |(QΛ) 2 −K(Q, ω)| 2 .
(S42)
The kernel isK ≈ Re(K) ≈ −1. The power absorption then becomes
Hence the power absorption reduces to the average of the dissipation part of the current kernel over the penetration depth Q Λ −1 < ξ −1 . The quasiparticle and collective mode contributions of the power absorption are given as
ImK QP (Q, ω) |(QΛ) 2 + 1| 2 , (S44)
